The model used to estimate the capital required to cover unexpected credit losses in financial institutions (Basel II) has some drawbacks that reduce its ability to capture potential joint extreme losses in downturns. This paper suggests an alternative approach based on Copula Theory to overcome such flaws. Similarly to Basel II, the suggested model assumes that defaults are driven by a latent variable which varies as a response to an unobserved factor. On the other hand, the use of copulas allows the identification of asymmetric dependence between defaults which has been registered in the literature.
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INTRODUCTION
The current rule to calculate capital necessary to cover unexpected credit losses is based on structural models which define that joint defaults are driven by a latent variable which, in turn, is driven by an unobserved (economic) factor.
The economic factor, the latent variable, and the specific (idiosyncratic) risk for each obligor are assumed to follow the standard normal distribution but there is vast evidence in the literature that those variables are not normally distributed.
The dependence across pairs of latent variables and between each latent variable and the economic factor is measured by the correlation coefficient which is accurate only for normal data and does not detect tail dependence. So, the current model used to calculate the regulatory capital is deficient because it may not identify conjunct extreme occurrences.
To overcome this problem, this paper proposes the application of copulas to link distributions of latent variables and evaluate unexpected credit losses in financial institutions.
Copulas are functions used to express several types of dependence (with or without tail association) between variables regardless of their distributions. Hence, the suggested approach relaxes the assumption of normality and is able to identify tail dependence.
The latent variables are considered to be survival functions of the probabilities of default ( PDs ), i.e., high PDs indicate low values of latent variables and vice versa.
While traditional credit risk models use percent values, the copula approach is based on percentiles (ranks) of the variables. Considering that portfolios/segments are taken for homogenous, the levels (percentiles) of the latent variables that imply default are equal for all loans. Then, for each pair of debtors, the copula will associate two equal variables (percentiles of latent variables) in extreme conditions and will return the likelihood of both percentiles being simultaneously below a specific level (percentile of the latent variable's historical average in this case). This is equivalent to the probability of potential losses being above the rank of the average (expected)
PD . The method implementation is relatively simple and, alike models derived from Merton's approach (Merton, 1974) , is based on the interpretation that default happens when the 2 latent variable falls below a cutoff value. The suggested method focuses on joint defaults which occur when the latent variables of loans become smaller than their limit percentile at the same time. Losses are unexpected (above the average) when such underlying variables drop even more and reach percentiles smaller than their average's percentile among the values that indicate default. Thus, for a particular level of confidence, "high" unexpected losses will be estimated by a copula that gives the joint probability of the historical latent variable's average being below an extreme percentile.
In principle, a general approach is presented to derive formulas based on any copula found to be representative of loan portfolios. If large datasets on PDs are available, precise models may be built according to the steps proposed in this study.
An example is given for the case where PDs are assumed to be right-tail associated and, consequently, the latent variables present left-tail dependence. For convenience, the relationship between the latent variables is represented by the Clayton Copula.
Simulations reveal that, in most of the cases, when compared to Basel II, the alternative model yields better estimations of the effective losses in portfolios with tail-dependent probabilities of default (which is expected to be a property of most credit portfolios in the financial market -see some references in section 5.1).
In around 73% of the scenarios, the copula-based approach outperformed Basel II for at least one of the three credit classes analysed (revolving consumer, mortgage, and "other retail"). On average, the new method was better for all three categories in 52% of the cases. The results were sensitive to the confidence specified and the shape of the loss distribution. Normally-distributed losses generated the worst estimations for the suggested model at the confidence level used while the other three distributions tested (exponential, beta, and gamma) resulted in an outperformance ratio of 75%.
The remainder of the paper is organized as follows. Basel Accords are addressed in the next section. Then Copula Theory is discussed. Section 4 summarizes a general approach to derive formulas based on assumed or empirically found dependence between probabilities of default. In section 5, PDs are presumed to be right-tail dependent (i.e. high losses are more associated) and a formula based on Clayton Copula is derived to estimate unexpected losses. Next, the results from the formula 3 presented in the prior section are compared to capital calculated by the Basel formula. Section 7 concludes.
BASEL ACCORDS
The Basel Accord from 1988 stipulated that the capital charge on assets was 8% of the risk weighted assets. But due to many drawbacks in this Accord (see De Servigny and Renault, 2004) , new rules were issued in June 2004.
The Basel II Accord is based on three "pillars": minimum capital requirements, Supervisory Review, and market discipline. Banks are allowed to use Internal Ratings Based approaches (IRB) to calculate the capital required and to do so, institutions should group their assets into homogenous "buckets" (segments, classes) with respect to credit quality.
However Basel II also has some limitations. It assumes normally distributed loans' performances and uses the correlation coefficient that does not capture oscillations in dependence when the level of variables changes. Thus, this may lead to excessive capital required in good economic scenarios or scarce requirements in downturns.
Basically, for each segment, the capital required to cover unexpected losses in credit portfolios is calculated as the unexpected losses adjusted by the portfolio maturity.
In mathematical terms:
LGD is the "loss given default", i.e. the percentage of exposure the lender will lose if borrowers default; PD stands for probability of default; V K is the expected default rate at the 99.9% percentile of the PD distribution ("Vasicek Formula") -see formula ahead; Maturity corresponds to the maturity of corporate loans and is added to the calculation in order to give higher weight to long-term credits which are known to be riskier. See formula ahead; V K is calculated by the formula:
being that:
N represents the standard normal cumulative distribution; 1  N is the inverse of the standard normal cumulative distribution; PD , as before, is the probability of default of the loan portfolio (average); ) ( 1 PD N  is used to derive the default threshold (i.e. the cutoff level of obligors' assets below which default occurs);
, is the level of the economy chosen to represent an extreme scenario in which unexpected losses may occur. Therefore, the systematic factor is assumed to be normally distributed. Intuitively, this is the confidence level (99.9%) for the default rate; and Rho (  ) is the correlation between returns of obligors' assets.  is the linear correlation between the unobserved systematic factor and those asset returns. In Basel II, the correlation between asset returns is calculated as a function of PD and (in the case of corporate debt) the size of debtors (measured in terms of annual sales). For the sake of brevity, the formula and parameters used to estimate  will not be presented here. See BCBS (2005 BCBS ( , 2006 for more details.
Readers interested in the derivation of models that assume that correlation between defaults is driven by an unobserved factor, should consult, for instance, Schönbucher (2000), Perli and Nayda (2004) , and Crook and Bellotti (2010) . For details on Vasicek distribution ( V K ), see Vasicek (1991 Vasicek ( , 2002 . In general, the term V K follows the main presumptions of structural models (see, e.g., Gordy, 2003) . Each latent variable ( i Y ) is a linear function of an unobserved single factor (systematic risk, E ) and specific characteristics of the respective obligor (idiosyncratic risk, i  ). The single factor is assumed to be standard normally distributed and equally impacts all obligors (same correlation  ) and the latent variables are considered equicorrelated (same  for all pairs) and also follow the standard normal distribution:
The maturity is applied only to corporate debt and is given by: 
A BRIEF VIEW ON COPULAS
Broadly speaking, copulas are functions that link marginal (individual) distributions of variables to their joint distributions.
In usual notation: 
Copulas give the probability that the percentiles of x and y are simultaneously below the specified percentiles u and v .
Notwithstanding it is also possible to use copulas in order to calculate the probability that percentiles will be jointly above a specific point. These are the so called Survival
Copulas and have the form:
The proof of PIT is given, for example, in Casella and Berger (2002, pp. 54-55 , incorporate the basic idea of structural models and assume that default happens when a latent variable (for example, the log-return of debtors' assets) falls below a cutoff point. The probability of default ( PD ) is given by the area on the left side of the cutoff under the curve of the latent variable's (Normal) distribution. In other words, it is 2 For a technical concept of spherical and elliptical distributions, see item 3.3 of Embrechts et al. (2002) . Intuitively, in the bivariate case, we can identify such distributions through their contour diagrams (graphs of level curves) which have spherical and elliptical shapes respectively. The Normal distribution is an example of this class. 3 This study appeared first in 1999 as a working paper. 4 The proofs are given in Nelsen (2006, chapter 5) .
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[ 8 ] 7 the likelihood of the latent variable ( Y ) being smaller than that particular value (the threshold c y ) as shown in Figure 1 .
FIGURE 5.1 -Diagram representing default in structural models as the probability of a latent variable being below a cutoff value (area below c y ).
In this alternative method, PD is viewed in a portfolio perspective and is defined as the area below a cutoff in the joint distribution of latent variables relative to the loans that compose the portfolio. Here, such latent variables are supposed to have a symmetrically inverse relationship with the probability of default. This means that when PD increases (decreases), the latent variable decreases (increases) at the same "degree". The identical magnitude ("degree") of the variables' opposite movements will be expressed by their percentiles in their respective distributions. Hence high (low) levels of PDs are associated with low (high) levels of the latent variables and when PD moves "p" percentiles in its distribution, Y moves p percentiles in its respective distribution in the opposite direction.
This symmetric inverse behaviour may be captured by representing each latent variable (Y ) as a survival function 5 of PD , which implies that the percentile of the latent variable is equal to one minus the percentile of PD :
The use of the subscribed "t" to indicate the time dependence in survival functions was relaxed.
[ 9 ] 
indicates that y is the 20 th percentile of F .
According to [9] , Y may be interpreted as the probability of non-default and expresses the "quality" of debtors. This idea resembles the survival function used by Li (2000) to define the likelihood that a security will reach a specific age. The higher this probability, the higher the asset quality.
Since we are using percentiles of the variables Y and PD , ) ( y F and ) ( pd F respectively, Copula Theory may be applied and the resultant calculations are suitable for any kind of loss distribution.
Like in the Basel approach, the capital needed to cover unexpected losses will be separately determined for each segment considered homogeneous in terms of credit quality. This means that PD is presumed identical for all loans in each segment and
values are also equal. Therefore, the average Y is the same for every debtor within the segment and so is ) ( y F . This is true regardless of the number of debtors. The estimation of unexpected losses depends on an average point considering only the occurrences below the latent variable's cutoff. Given that the latent variables and the losses for each loan have inversely symmetric FIGURE 2 -Contour plots of cumulative distributions representing expected losses (EL), unexpected losses (UL), and non-default (ND) in a copula context (for homogenous portfolios). In Panel A, default at the portfolio level happens if the percentiles of the latent variable, F(y), of both loans fall below a specific point, F(y c ); when each F(y) is smaller than F(y c ) but greater than F(y A ), the losses are expected; and when those percentiles drop below the point that indicates average default, F(y A ), the losses are unexpected. Panel B shows ND, EL, and UL under the perspective of the probability of default which are equal to the equivalent areas in Panel A:
are, respectively, the percentiles of PD above which default and unexpected losses happen. Since the focus is on percentiles, both panels are valid regardless of the PD distribution's family.
What we should estimate is the likelihood of the joint probability of default for two obligors being above its average. Recalling the concept of Survival Copulas in [6] and that each debtor has the same PD , we have:
In the prior formula, 
the probability of both PDs (latent variables) being above (below) their observed average up to the moment or, in other words, the probability of unexpected losses.
Finding the percentiles of the latent variable
To apply this copula model we need the whole distribution of the latent variable so that we can calculate the percentile of Y associated with the point of historical average loss, From Figure 2 -Panel A that represents homogenous segments/portfolios (same PD for all loans), it is easy to see that the joint area below c y minus the joint area below A y is equal to the expected probability of default (EL). In copula terms, and will express the mean unexpected losses in a particular period (the sum of percent losses above the average in a period divided by the number of unit times considered -months, for instance).
However, in bank regulation, the major concern is the maximum potential loss. In this copula-based method, the risk of severe unexpected losses comes from possible oscillations in the percentile of the past average (= expected) latent variable, i.e. , doing: 
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Defining the copula to be used
If large datasets on probabilities of default are available, the dependence across pairs of latent variables may be found through the estimation of the best copula for Therefore it is not necessary estimating the best copula that expresses the dependence between PDs . What matters is the copula that will represent the dependence across the latent variables (which may be interpreted as returns of debtors' assets or "time until default", for instance). To estimate such dependence it suffices to have a series of PDs from a "homogeneous" credit segment/portfolio. Durrleman et al. (2000) and Cherubini et al. (2004, chapter 5 ) present some methods that can be used to empirically find the parameter, for each copula family, with the best fit to a dataset. A practical way to find the copula's parameter is estimating it from the kendall's tau of PD  1 (by using [7] 6 ) which is the same kendall's tau for PDs (which are observable).
Berg (2009) and Genest et al. (2009) describe some goodness-of-fit tests that allow us to decide which copula (considering the estimated parameters) gives the best expression of the dependence related to the variables analysed.
The use of empirically-found copulas gives more realistic results because the probability of unexpected losses and the dependence between the variables come from "real" data ( PDs ).
Following, an example shows the application of the model if we assume that high PDs are more linked. Mandelbrot (1963) and Fama (1965) showed that asset returns in general are not normally distributed and therefore are more subject to extreme events than returns estimated by models based on assumptions of normality. Since then many empirical studies confirmed this behaviour for several classes of investments, including loan portfolios (Rosenberg and Schuermann, 2006) .
MODEL APPLICATION: AN EXAMPLE FOR RIGHT-TAIL-DEPENDENT LOSSES
Assumptions
Moreover, it has also been found that returns are more correlated in the left tail (i.e.
when investments result in losses or lower returns). See Ang and Bekaert (2002) , 6 Alternatively, [8] can be used to estimate the copula parameter as a function of Spearman's rho ( S  ). In the simulations run for this study, the results usually matched up to the second decimal place. Patton (2006) and Ning (2006) who cites many other studies that reach this same conclusion.
According to Di Clemente and Romano (2004) and Das and Geng (2006) , amongst others, returns of credit assets also present asymmetric (tail) dependence.
Based on this, it is assumed in this section that PDs (probabilities of default, credit losses) have upper tail dependence (which means that high PDs are more correlated than the other levels or, in other words, large losses of different obligors tend to be more associated whereas small losses are not very linked). This relationship can be represented by copulas such as Gumbel, Joe, Galambos, and Hüsler-Reiss. The
Gumbel was chosen because, among those copulas cited, it has been more studied and its properties are better known.
The scatter plot of a Gumbel-dependent random variable 
The Clayton Copula is a good representation for the second type of dependence (between latent variables) that indicates lower tail association. This relationship could be expressed by other copulas that express lower tail dependence (Raftery, for instance) but the Clayton Copula was chosen because it has been more studied and its formula is more tractable than the other alternatives.
FIGURE 6 -Two random variables with lower tail dependence.
The formula
We are interested in calculating the joint probability of the latent variable's historical average being below the percentile of an extreme point that indicates joint unexpected losses in adverse scenarios. To do so, we should estimate the copula Recall that both variables EXT y used to calculate the probability are equal to each other because the segment/portfolio is assumed to be homogenous, so the percentile of the
) is the same for all loans.
Consequently, the extreme percentile of
) is also the same for all loans.
Ĉ is assumed to be a Clayton Copula to detect the supposed lower tail dependence of the latent variables: they are more related in downturns when their levels are lower.
For this particular case, the Clayton Copula with parameter  is:
This formula gives the probability of the latent variable being jointly smaller than its historical average when the latter reaches an unusually high percentile, ) (
the respective distribution. This corresponds to the likelihood of losses being simultaneously above an extreme point and the expression above substitutes
. Therefore the capital to cover unexpected losses is: 
Additional comments on this alternative model
A prior use of copulas in order to suggest some improvements to Basel II was registered in Benvegnù et al. (2006) . The main purpose was to capture diversification effects, since the Basel II determines the simple addition of all capital requirements for segments without taking correlations into account. Their analysis was focused on [ 15 ] [ 16 ]
20 corporate loans and concluded that the copula approach reduces the capital required by 10 to 30%.
However, "to be in line with the model used in the Basel II credit framework and the major industry models" (p. 497), the authors assumed that the loans have Vasicek distributions, the underlying factors that drive credit losses were joint normally distributed, and the dependence between them was also normal (Gaussian Copula).
Such assumptions restricted the identification of joint extreme occurrences.
Here, the relation between the latent variables is assumed to be satisfactorily represented by the Clayton Copula in order to find their lower tail dependence (i.e. lower levels of latent variables, which lead to defaults, are more correlated in lower economic levels).
In short words, although copulas enable us to capture the diversification effects among different segments (which tend to reduce the capital necessary to cover unexpected losses, as in Benvegnù et al., 2006 ) some of their families identify higher level of dependence at the extremes (which may increase the capital needed). Thus, due to the assumption of tail dependence, the proposed formula in this paper is more conservative and it is aligned with regulators' point of view (and practitioners who want to guarantee adequate capital to cover losses in severe scenarios).
It could be said that if "real" data do not present intense tail dependence, the capital calculated by [16] will be excessive. But even if there are chances of overestimation, regulators and/or institutions that adopt this approach may reduce the confidence of the extreme average latent variable used as an input in the formula.
Also, the current Basel Accord assumes an unrealistic distribution for the variables involved and measures the dependence between them by using the linear correlation coefficient which does not capture tail dependence.
Furthermore, the copula-based approach has other advantages: it may be used for negatively correlated losses (provided that the rank correlation is positive) while Basel II's model does not admit negative correlation; and it does not assume any specific type of distribution for credit losses, the latent variable, and the unobserved economic factor.
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SIMULATIONS AND RESULTS FOR REQUIRED CAPITAL
Simulations were used to test the efficiency of the alternative model. The capital required according to Basel method was computed for three types of consumer loans (to which the maturity adjustment is not applied)
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: revolving credit, mortgage, and "other retail". For simplicity, LGD was assumed equal to 100% (i.e. the Recovery Rate is 0%).
The simulations were controlled for three variables, PD (15 rates between 1% and 15%, inclusive), PD dependence expressed by the Gumbel Copula's parameter Considering all 660 scenarios, Basel estimations for the three categories of consumer loans were concurrently better than the alternative model's results in 26.52% of the cases. On the other hand, the copula approach was more efficient than traditional calculations for the three (at least one of the) consumer credit classes in 33.79%
(73.48%) of the cases. However these ratios rise to 45.05% (92.32%) if the normally distributed losses are excluded. Therefore the performance of the copula-based method was directly related to the shape of the marginal loss distributions. As for the classes of loans, revolving credit and "other retail" had superior performance:
they were better than Basel II in around 68% and 66% of the scenarios, respectively (these figures go up to 90% and 87% if normal losses are not taken into account). The formula for mortgage was more accurate because the correlation for this group is, in general, higher and this avoided excessive underestimation in some circumstances.
So, if the assumptions followed to generate the scenarios are valid for "real" portfolios, the alternative approach is liable to outperform Basel II especially for revolving credit and "other retail" whose losses are not normally distributed.
A special warning about Basel results is the high percentage of underestimated maximum potential losses: 85% with respect to revolving credit and "other retail" and 61% in mortgage portfolios. Typically, this drawback happened for non-normal losses. 
FINAL COMMENTS
Due to the assumptions of normally distributed variables and the use of a linear measure of dependence (correlation coefficient), Basel II is not able to identify extreme events accurately. Therefore, the capital demanded to cover unexpected losses may be misestimated.
The main contribution of this paper is considering potential tail dependence between related variables to calculate the probability of credit losses in adverse situations. By capturing joint extreme events more precisely without assuming any particular type of loss distribution, the alternative model improves the accuracy of estimations related to simultaneous large losses which usually happen in downturns.
The formulas proposed can be easily implemented and are intended to replace the term in Basel II referent to the subtraction of the extreme default rate ( V K ) by PD (see [1] and [2]). Nevertheless, some basic assumptions of Basel II approach are kept, namely:
the homogeneity of segments/portfolios and the fact that defaults are driven by latent variables which are impacted by an unobserved (economic) factor. Also, possible pitfalls related to the calculation of the loss given default ( LGD) and the maturity adjustment are not investigated. 
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Simulations of right-tail-dependent losses that controlled for several levels of PDs , their dependencies and marginal distributions confirmed the superiority of the suggested method when losses are not normally distributed. Hence, given that the literature has presented some evidence that credit losses do not follow the normal distribution and have tail dependence, the copula-based model is likely to outperform the current method in many (or most) of the loan portfolios held by financial institutions.
Even if the dependence structure adopted in the exemplary model (Clayton Copula) is considered too rigorous, it still can be used without major concerns if the confidence is reduced.
Naturally, the higher performance of the alternative model shown for some scenarios in section 6 is valid only if losses have upper-tail dependence. The next step to consolidate the application of this approach is the empirical search for the copula family and respective parameter(s) that best represent the relationship between latent variables (which may result in different families and parameters for distinct classes of credit, such as corporate, mortgage, revolving, and so on).
Another promissory extension of this study is the use of Copula Theory to evaluate another component in the Basel formula: the loss given default ( LGD).
